
See	discussions,	stats,	and	author	profiles	for	this	publication	at:
https://www.researchgate.net/publication/282326602

Degradation	of	long	plate's	ultimate
strength	due	to	variation	on	the
shape	of	initial	imperfections

CHAPTER	·	SEPTEMBER	2015

READS

39

2	AUTHORS:

José	Manuel	Gordo

University	of	Lisbon

52	PUBLICATIONS			399	CITATIONS			

SEE	PROFILE

Carlos	Guedes	Soares

University	of	Lisbon

1,203	PUBLICATIONS			10,368
CITATIONS			

SEE	PROFILE

Available	from:	José	Manuel	Gordo

Retrieved	on:	11	March	2016

https://www.researchgate.net/publication/282326602_Degradation_of_long_plate%27s_ultimate_strength_due_to_variation_on_the_shape_of_initial_imperfections?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_2
https://www.researchgate.net/publication/282326602_Degradation_of_long_plate%27s_ultimate_strength_due_to_variation_on_the_shape_of_initial_imperfections?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_3
https://www.researchgate.net/?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_1
https://www.researchgate.net/profile/Jose_Gordo?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_4
https://www.researchgate.net/profile/Jose_Gordo?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_5
https://www.researchgate.net/institution/University_of_Lisbon?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_6
https://www.researchgate.net/profile/Jose_Gordo?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_7
https://www.researchgate.net/profile/Carlos_Guedes_Soares?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_4
https://www.researchgate.net/profile/Carlos_Guedes_Soares?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_5
https://www.researchgate.net/institution/University_of_Lisbon?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_6
https://www.researchgate.net/profile/Carlos_Guedes_Soares?enrichId=rgreq-fdd7b3ab-8880-45c7-b4c0-f0d47920bd56&enrichSource=Y292ZXJQYWdlOzI4MjMyNjYwMjtBUzoyNzkzOTY1NDA3OTY5MzJAMTQ0MzYyNDczNDIwOA%3D%3D&el=1_x_7


345

Towards Green Marine Technology and Transport – Guedes Soares, Dejhalla & Pavleti  (Eds)
© 2015 Taylor & Francis Group, London, ISBN 978-1-138-02887-6

Degradation of long plate’s ultimate strength due to variation  
on the shape of initial imperfections
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ABSTRACT:  The initial imperfections can degrade the strength of structural elements such as plate ele-
ments and reinforced plates especially when subjected to compressive loads in the plan. The amplitude of 
the imperfections is usually considered one of the most important parameter in the quantification of this 
degradation of the plate’s strength. In this study, performed with the finite element method it is shown that 
the form of the initial imperfections assumed greater importance than its maximum amplitude. Groups 
are defined with different levels of strength as a function of the shape of initial imperfections and it is 
quantified the degradation of the longitudinal axial compressive strength due to the increase of the mag-
nitude of initial defects in each of these groups of plate elements both for stocky and very slender. From 
this study it is concluded that the minimum strength in simply supported plates with restrained edges is 
obtained when the mode of initial imperfections is greater than the critical mode.

greater than the Young’s modulus in the elastic 
domain, as it may be seen in Figure 1.

In compression, the consequences of the distor-
tions are much more pronounced. In fact, their 
presence on plate elements makes the load-end 
shortening curves better behaved near the elastic 
critical load and, in some cases, this load is not 
clearly identified in the curve. In other words, the 
sudden collapse featuring almost perfect plates dis-
appears, and load-end shortening curves presents 
much softer behavior as greater the magnitude of 
the initial imperfections.

This fact can be verified by the examples of the 
restrained plates in compression in Figure 1 where 
the shape and magnitude of initial imperfections 
was varied as described in Table 1.

1  Introduction

The plate elements present in marine structures, 
and particularly in ships, have initial imperfections 
due to the manufacturing process in steel mills, 
welding process in steel shops and the efforts to 
which they are subject in the assembly operations. 
Studies carried out both on ships and in civil 
engineering structures quantified the level of dis-
tortions in plates trying to correlate it with the geo-
metrical characteristics of the plate.

The presence of distortions in the plate elements 
causes them to behave differently both in tension 
and in compression.

In tension, the dominant feature is the variation 
of the initial tangent modulus. Due to the presence 
of distortions the initial tangent modulus presents 
a slightly lower value than the tangent modulus of 
the perfect plate on similitude of boundary con-
ditions. As a result, the plates in tension belong-
ing to a section of a ship have a reduced rigidity 
which inevitably decreases the rigidity of the hull. 
However, for levels of usual distortions, this effect 
is irrelevant so it can ignored.

In the particular case of the restrained plates, 
considered here as the most representative elements 
of the plate belonging to the continuous panels 
forming the hull of the ship, the secant modulus 
is initially lower than the Young’s modulus. As the 
rate of reduction of distortions decreases with 
increasing elongation, the Poisson effect overlaps 
the previous one and the secant modulus becomes 

Figure  1.  Effect of distortions in simply supported 
plates with slenderness β of  1.69 and aspect ratio α of  2.
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Moreover, the shape and amplitude distortion 
along a plate influence the mode of collapse, caus-
ing variations in the final strength of the plate, 
which are usually negative. Thus it is necessary to 
quantify the shape and amplitude of distortions 
characteristics of plates.

1.1  Amplitude of distortions

Faulkner (1975) indicated that the maximum 
amplitude of initial imperfections w in relation to 
the thickness t of  the plate, w w t= / , is dependent 
on the square of slenderness of the plate which is 
defined by:

β =
b
t E

oσ

	
(1)

where b is the width of the plate, t is its thickness, 
σo is the yield stress of the steel and E is the modu-
lus of elasticity. The values of w vary from 0.05 β 2 
to 0.15 β 2 and he proposed to use the formula:

w
w
t

t
t

F a= = 



0 12. β 2

	
(2)

The thickness of the web of the stiffener, ta, 
is always lower or equal to the thickness of the 
plate t, and the coefficient of variation of the 
measurements reduces from 0.6 on stocky plates to 
0.3 on slender plates. Very deformed plates may be 
found in heavily welded panels where the normal-
ized amplitude of distortions may reach 0.4 β2.

Guedes Soares (1988) suggested a mean value 
of Faulkner’s results for warships and of Antoniou 
(1980) for merchant ships to be used in design 
stage, 0.11 o

2β . In fact, Antoniou et al. (1984) pro-
posed a linear dependency of slenderness that 
could include other less important parameters 
like ratio between thickness of plate and stiffener, 
aspect ratio and welding characteristics:

w
w
t

= = −0 238 0 177. .β
	

(3)

Latorre & Birman (1986) noted that this for-
mula based on the statistical analysis of the data 

base predicted very low values when compared to 
others databases from different sources.

Kmiecik et al. (1995) also found a linear depend-
ency between the maximum amplitude of the 
imperfections (w0m) and the slenderness given by:

w
t

b
t

om = −0 0083 0 1989. .
	

(4)

Its database does not allow to find any depend-
ency between the amplitude of each mode of 
imperfections and the slenderness because of the 
reduced numbers of points available for each plate. 
Nevertheless, a good correlation was found for the 
amplitude of the critical mode and the aspect ratio 
of the plate:

w
t

a
b

oc = −0 1336 0 0308. .
	

(5)

Bonello et al. (1991) proposed another model 
based on the probabilistic nature of imperfections 
for ship made of mild steel. The method assume 
that the amplitude of distortions normalized by the 
thickness of the plate has two contributions: a deter-
ministic one which is the mean value of distortions 
given by eq. (2) considering equal thickness for plate 
and stiffener, and the second one is a normal distri-
bution function having a standard deviation of:

s wF= ⋅ −( )0 675 0 118. . β
	

(6)

Thus, the distribution of imperfections in terms 
of magnitude is given by:

w w sB F= + N( ) 	 (7)

where N(s) represents the normal distribution of 
random variable wB with a mean value wF  and 
standard deviation s.

Table  1.  Amplitude of components of plate’s initial 
imperfections with β  =  1.69 and α  =  2, and maximum 
amplitude w.

a11  
(mm)

a12  
(mm)

a21  
(mm)

a22  
(mm)

a11/ 
a21

w 
(mm)

A 0.5 0.2 0.2 0.1 2.5 0.682
C 0.1 0.2 1.2 0.1 0.083 1.271
D 0.1 0.2 2.0 0.1 0.050 2.071

Figure  2.  Comparison of different formulations for 
amplitude of distortions.
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From Japan there are also some works related to 
the quantification of magnitude of imperfections 
and of their modes of deformations (Ueda & Yao 
1985; Ueda et al. 1977).

2  Effect of distortions

The effect of distortions on the ultimate strength of 
unstiffened plates have been the focus of research 
along time.

Carlsen & Czujko (1978) pointed out that imper-
fections may have a positive or negative effect on 
strength depending on their magnitude and shape, 
or the dominant mode. However the increase on 
the strength is very much affected by any local 
deformations, thus it should not be incorporated 
in design (Mansour et al. 1990).

According to Murray (1945) and Dwight (1972) 
the degrading effect of small distortions in long 
plates, w < 0 23.  and α»4, should not be consid-
ered, while Frieze et al. (1977), Dwight & Ractliffe 
(1969) concluded that the effect has to be consid-
ered for larger magnitude, w > 0.3.

Guedes Soares (1988) quantified statistically the 
loss of strength of the imperfect plate due to initial 
imperfections and residual stresses. He concluded 
that the ultimate strength of the ‘perfect’ plate with 
restrained edges depends on the slenderness by:

φ β β
β

β
ws

o

o

=
− ≥

≤







2 16 1 08 1

1 08 1
2

. .

.

     for  

for          	

(8)

This formula gives values above unit for very 
stocky plates which is result of the plane state 
of stress when the edges are obliged to remain 
straight. The correction on the ultimate strength 
due to imperfections was computed as:

φ βd w= − −( )1 0 626 0 121. .
	

(9)

Thus the ultimate strength of the imperfect 
plate is:

φ φ φus ws d= ⋅ 	 (10)

2.1  Model and boundary conditions

This study on the influence of distortions on the 
ultimate strength of simply supported restrained 
plates is based in finite element method using 
PANFEM software (Jazukiewicz et al. 1990).

There are three possibilities for the edges sup-
port of simply supported unstiffened plates: unre-
strained, constrained and restrained. The former 
allows the in-plane movement of which point of 

the unloaded edges freely; in constrained plates, 
the unloaded edges are free to move in-plane but all 
points have the same displacement, thus the total 
force in the edges are null; restrained planes have 
zero in-plane displacement, so the induced force 
in the lateral edges may be different than zero and 
large membrane stress in the transversal direction 
may developed during the longitudinal loading.

It was considered different aspect ratios of the 
plating and several modes of imperfections cor-
responding to the development of the shape of 
imperfections in Fourier series, given by eq. (11) 
and represented in Figure 3.

w x y a
m x

a
n y

bij, sin sin( ) = 









∑∑ π π

	
(11)

2.2  Intermediate to stocky plates

Table 2 presents the values of these components of 
imperfections for a plate with aspect ratio of 2 and 
a slenderness of 1.69.

Models A and B emphasize the fundamental 
component corresponding to an elastic buckling 
stress of higher order, primary group, while C and 
D models feature the maxima amplitude in the sec-
ond longitudinal component corresponding a col-
lapse mode leading to the minimum critical stress, 
critical group. The amplitude (w) of imperfections 
increases from A to D. So, it is possible to ana-
lyze the influence of amplitude and the mode of 
imperfections. It also presents the prediction of the 
ultimate strength for this plate by the approximate 
method of Gordo and Guedes Soares (1993) that 
considers average distortions of 0.11 o

2β .
On the right side of the same table the results 

for the ultimate strength of the plate, φ, are pre-
sented together with its correspondent normalised 
shortening, ε u, the normalised shortening leading 
to the initiation of plasticity, ε pl, and mode of col-
lapse pointing out the eventual transition during 
loading.

Figure 3.  Plate model and shape of imperfections.
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The plates of the primary group (A and B) have 
a higher maximum strength than the critical group 
(C and D), as would be expected from relative 
amplitudes of the various Fourier components. 
The variation within each group is also different.

In the primary group the increase in the ampli-
tude of imperfections leads to an increase in resist-
ance due to the relative increase in the prevalence 
of the 1st order mode (m = 1). The plate A has a 
ratio a11/a21 of 2.5 while on plate B this ratio is 5. 
Note that maintaining the ratio of the amplitudes 
of components and increasing the maximum 
amplitude variation do not change much the ulti-
mate strength as shown by plates A and E.

At the critical group it is otherwise. The increase 
on the amplitude of imperfections decreases the 
stiffness and the ultimate plate strength, as shown in 
Figure 4. This conclusion is consistent with the nor-
mal effect of distortion on the ultimate strength.

For this slenderness, β  =  1.69, an increase of 
63% on the magnitude of distortions there is a deg-
radation of strength of 4%, as given by plates C 
and D. It has to be noted that Faulkner’s formula, 
eq. (14), predicts an ultimate strength of 0.833 and 
the linear regression of the critical group’s results 
gives the following expression:

φu w t1 69 0 860 0 230. . .( ) = −
	

(12)

Introducing the Faulkner’s prediction and high-
lighting the degradation due to initial imperfec-
tions, one has:

φ φu F
w
t

= −





1 032 1 0 267. .
	

(13)

The ‘perfect’ plate (w  =  0) is 3.2% larger than 
Faulkners’s formula and 4.6% smaller than Guedes 

Soares equation for ‘perfect plate’, eq. (8). This 
result is not surprising since Guedes Soares used a 
database that includes all modes of imperfections 
and the inclusion of primary group results increases 
the average ultimate strength’s prediction.

φ
β βF = −
2 1

2
	

(14)

Figure 5 present the average stress end-
shortening curves of the plates under considera-
tion and their comparison with the approximate 
method based on the effective width (Gordo & 
Guedes Soares 1993).

The plates where the primary mode is dominant 
have an increase stiffness and structural modulus 

Table 2.  Initial imperfections on a plate of 5 mm thick, a length of 500 mm and 250 mm of width. Longitudinal 
strength of rectangular plates with different levels of imperfections. *Value related to the loss of effectiveness of the 
plate and not the initiation of plasticity.

β = 1.69 
α = 2

a11  
(mm)

a12  
(mm)

a21  
(mm)

a22  
(mm)

a31  
(mm) a11/a21

w 
(mm) w/t φ ε-u ε-pl Mode

A.M. – – – – – – 1.57 0.314 0.833 1 0.35* m = 2
A 0.5 0.2 0.2 0.1 – 2.5 0.682 0.1364 0.886 0.888 0.85 m = 1→2
B 1 0.2 0.2 0.1 – 5 1.066 0.2131 0.917 0.934 0.84 m = 1→2
C 0.1 0.2 1.2 0.1 – 0.08 1.271 0.2541 0.798 1.1 0.78 m = 2
D 0.1 0.2 2 0.1 – 0.05 2.071 0.4141 0.766 1.199 0.84 m = 2
E 1 0.4 0.4 0.2 – 2.5 1.364 0.2729 0.886 0.917 0.82 m = 1→2
F 0.1 0.2 0.6 0.2 – 0.17 0.716 0.1431 0.829 1.032 0.75 m = 2
G 0.8 0.4 0.8 0.2 – 1.0 1.449 0.2897 0.814 0.955 – m = 2
Q – – 0.01 – 0.5 – 0.5 0.1000 0.816 0.933 0.74 m = 3
R – – 0.05 – 1.0 – 1.0 0.2000 0.761 1.096 0.66 m = 3
S – – 0.1 – 2.0 – 2.0 0.4000 0.702 1.219 0.72 m = 3

Figure 4. U ltimate strength versus initial imperfec-
tions of plates with β = 1.69 e α = 2 for different shape of 
imperfections.
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both in the pre collapse and collapse domain. Only 
after the collapse these plates have less resistance 
and more negative tangent modulus than the plates 
with initial imperfections having a critical mode of 
imperfections, in this case m = 2.

However, one should note that this higher slope 
of the structural tangent modulus after collapse is 
only apparent, since the collapse of these plates is 
fundamentally local. Thus the end-shortening in 
the edges is variable along the plate edge, while at 
the critical group exists much greater uniformity 
of that shortening. Thus the local shortening in the 
region collapse is certainly greater than indicated 
in the figure.

The approximate method represents quite well 
the behaviour of plates with initial imperfections 
averages m = α in the areas of pre and post collapse. 
In the collapse zone the gap is slightly larger though 
not exceed more than 5% error. The value found 
for the ultimate shortening by the approximate 
method (εo) is, curiously, an intermediate value 
between the ultimate shortening of the plates of 
the two groups, less than 0.95εo on the plates of the 
primary group and higher the 1.1εo to the plates 
of the critical group. This confirms the suitability 
of the method if  one takes into account that the 
curves of the critical group are virtually horizontal 
in this area, that is, have a structural tangent mod-
ulus virtually nil. One can thus conclude that the 
initial hypothesis of the method is valid to assume 
that the concept of effective width (equation (14)) 
is applicable in the post collapse phase, simply 
using the effective slenderness associated with real 
average shortening instead of using the nominal 
plate slenderness.

The marked differences in behaviour and 
strength due to the amplitude and shape of the 
distortions of these two groups raise the question 
whether there are two distinct groups of resistance 
associated with them, or, on the contrary, there is 
a continuity of the ultimate strength when passing 
from one to the other.

In this sense it was studied a plate with equal 
amplitude of the first and second longitudinal 
components, plate G, and with amplitude of the 
imperfections of the same order of magnitude of 
the plates E and C. The plate ultimate strength is 
similar to the one of critical plate C, +2.3%, and 
well below one of the plate with a dominant pri-
mary mode, -8.1%.

The collapse in plate G develops locally in the 
area where initial imperfections are smaller. This 
behaviour is common to all plates in which the 
failure is associated with a change in the deformed 
shape and is somewhat difficult to explain, since the 
areas where one has the greatest initial imperfec-
tions are subject to higher stresses at the edges due 
to a worse transverse load distribution in the pre 
collapse phase. Furthermore, in the central part of 
the area with the largest amplitude distortions the 
applied bending moment is apparently increased 
due to the larger arm; however, the force per unit of 
length applied is smaller than in the central part of 
the area with less distortion. The final plate defor-
mation seems to point therefore to greater impor-
tance of uniformity of stresses instead of greater 
local amplitude of the imperfections. This uniform-
ity of stresses causes that the “critical” strain is hit 
of at lower shortening and consequently the local 
buckling phenomena are felt more strongly in these 
areas, while in the zone of greater initial imperfec-
tions plasticity of the edges is the dominant phe-
nomenon even in the case of intermediate plates.

Finally consideration is given to the behaviour 
of plates having a ternary initial mode, i.e., a higher 
dominant mode than the critical one, m = α + 1. 
Thus, three plates were analysed (Q, R and S) with 
dominant mode equal to three and different ampli-
tudes of imperfections.

It was concluded that the failure mode coin-
cides with the initial mode and the resistance of 
these plates is lower than the strength of plates 
with a critical failure mode, confirming the results 
obtained for restrained plates having an aspect 
ratio of 3 (Gordo 2015). It was also possible to 
identify a reduction in resistance with increasing 
amplitude imperfections. The symmetry breaking 
was assured by the introduction of a small compo-
nent in critical mode.

Using the technique already used to establish 
the equation (13), the maximum resistance for this 
failure mode (m =  3 with α =  2) can be approxi-
mated by:

φ φu F
w
t

= −





1 015 1 0 435. .
	

(15)

This expression indicates a lower resistance of 
the ‘perfect’ plate associated with this failure mode 

Figure  5. N ormalised average stress average end-
shortening of plates with α = 2 and β = 1.69 having pri-
mary and critical mode of imperfections and comparison 
with Approximate Method (AM).
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as can be seen in Figure 4 and a further reduction 
of strength due to distortion compared with plates 
with a critical failure mode which is present by 
equation (13).

2.3  Very slender plates

The strength of the slender plates with a width to 
thickness ratio (b/t) of 100 has interesting charac-
teristics for the failure mode and its dependency on 
initial imperfections.

In plates A, C and E belonging to the critical 
group with mode of initial imperfections in way 
of the critical failure mode, the increase of ini-
tial imperfections reduces the ultimate strength, 
as is apparent from the results shown in Table 3. 
However this reduction is very low, 1.5%, between 
the extremes of different levels of distortions 
considered.

In contrast, the plates of the primary group, B, 
D and F, have a resistance increase with increas-
ing distortions; the ultimate strength variations 
are very strong in this group due to change in the 
failure mode with increasing distortions, as shown 
in Figure 6.

The plate with smaller distortion D has a rela-
tive maximum in mode 1 but immediately degener-
ates to mode 3 in order to reach maximum strength 
(0.518) in this mode. One may note perfectly into 
the sequence shown in Figure 7 that the first maxi-
mum occurs at the beginning of the development 
of the 3rd mode and re-established the ascending 

load phase when the deformed half  transposes the 
base plate plan, acquiring an almost perfect ter-
nary mode in final collapse.

The average distortion plate (B) reaches the 
collapse mode 1 (0.590, i.e. 13% more than the 
former) after assuming a collapsed configuration 
that is a combination of the second and fourth 
modes 2 + 2 × 4, or in other words, an imperfect 
ternary degenerate mode of a half  wave is larger 
than the other two as shown in Figure 8.

On the plate with large imperfections, F, domi-
nates the primary mode throughout the range 
of extensions despite the emergence of a ternary 
component, but, however, it is not developed suffi-
ciently to become dominant. As a result of this the 
ultimate strength of plate F is 20% higher than 
the plate B, which is a variation of 37% between 
the two extremes of level of distortions discussed.

Faulkner’s formula predicts a strength of 0.504 
for this slenderness which is very close to the val-
ues found for plates with initial tertiary mode. 
The strength variation on this group with the 
level of initial imperfections may be expressed 
by φu w t3 38 0 517 0 024. . .( ) = − , that can be trans-
formed into:

φ φu F
w
t

= −





1 025 1 0 046. .
	

(16)

This strength reduction factor (-0.046) is the 
biggest one between the three groups considered 
but, despite that, it is small in absolute value when 

Table 3.  Initial imperfections on plates of 2.5 mm thick, a length of 500 mm and 250 mm of width and their longitu-
dinal strength and mode of collapse.

α = 2
a11  
(mm)

a21  
(mm)

a31  
(mm)

Maximum 
(mm) w/t φ ε-u

Mode of 
collapse

A 0.5 3 3.354 1.341 0.59 1.152 m = 2
B 3 0.5 3.148 1.259 0.634 0.792 m = 1→2+4
C 0.25 1.5 1.678 0.671 0.593 0.999 m = 2
D 1.5 0.25 1.574 0.63 0.518 1.036 m = 1→3
E 1 6 6.708 2.683 0.585 1.367 m = 2
F 6 1 6.295 2.518 0.711 0.863 m = 1
G – 0.025 0.025 0.01 0.632 1.096 m = 2
H 0.025 – 0.025 0.01 0.527 1.063 m = 3
M 0.025 0.002 0.025 0.01 0.6 0.896 m = 2
O 1.9 1.9 3.291 1.316 0.562 0.979 m = 2
P 2.4 1.2 3.118 1.247 0.547 0.926 m = 2
Q 3 0.75 3.273 1.309 0.617 0.79 m = 1→2+4
R 2.7 0.9 3.118 1.247 0.536 0.866 m = 2
I 0.5 3 3.432 1.373 0.485 1.543 m = 3
J 3 0.5 3.353 1.341 0.564 1.112 m = 2
K – 0.025 0.025 0.01 0.589 0.872 m = 2
L 0.13 0.75 0.858 0.343 0.51 1.152 m = 3
N 0.25 1.5 1.716 0.687 0.498 1.316 m = 3
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compared to the variation of strength associated 
with different predominant modes of imperfec-
tions. Nevertheless, the reduction factor is 6 times 
bigger on the stocky plates considered in the previ-
ous section, eq. (13).

Equation (7) provides greater importance of 
distortions in both cases with an expected reduc-
tion of the double and quadruple in comparison 
to the reduction estimated in this section to semi 
thick and slender plates, respectively.

The analysis of the almost perfect plates was 
performed using an initial imperfection 1% of 
the thickness on the primary modes, plate H, and 
on the critical mode, plate G. The latter plate has 
the same mode of deformation during the entire 
loading path, however, it presents a major struc-
tural change in the tangent modulus at intermedi-
ate loading level, as shown on the right side of the 
Figure 10 representing the stress-strain curve.

Plate H has a ternary failure mode. The initial 
imperfections has a primary shape and the change 
of mode to ternary mode occurs on elastic domain 
due to the existence of transverse tensile stress on 
the middle of the plate as result of increasing defor-
mation. The transition to the critical mode (m = 2) 
is unable due to the total symmetry of the model.

To test this last statement it was generated a 
plate similar to H but with a small disturbance that 
breaks the symmetry, plate M. The shape of the 
plate during compressive loading evolved from 
the dominant primary mode in the initial phase, 
through a premature ternary mode to which cor-
responds to a relative maximum of the stress-strain 
curve with the value of 0.365 which is very close to 
the elastic critical stress for m = 3, (φc3 = 0.370), hav-
ing degenerate to the critical mode, m = 2, at which 
was achieved the maximum strength, φ = 0.600.

This value is well above the value obtained for 
the plate H, φ = 0.527. It can be concluded that this 
low value should not be considered as the prob-
ability of finding plates with reduced and perfect 
initial imperfections in ternary mode is practically 
nil and any disturbance in the geometry leads to a 
different failure mode. Moreover, it was confirmed 
on the plate K having only very small initial imper-
fections in the ternary mode, where the asymmetry 
generated by the numerical truncation was enough 
to make evolve the failure mode to the critical one.

The strength degradation from a ternary failure 
mode occurred on the plates D and H, raises the 

Figure  6.  Dependence of ultimate strength on initial 
imperfections for plates with β = 3.38 e α = 2 by groups 
of shape of imperfections.

Figure 7.  Evolution of deformed shape of plate D until 
collapse. On the right side it is indicated the correspond-
ing loading point on the stress-strain curve.
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question of the conditions under which this degra-
dation occurs. It is resulting from the initial ampli-
tude of the ternary mode or deformed amplitude 
generated during the deformation under loading. 
The maximum strength of plate I confirms this 
conclusion because the existence of an important 
ternary component leads to a collapse with m = 3 

and very low resistance in spite of the existence of 
a component in m = 2. In the plate J it was main-
tained the amplitude of distortions but reversing 
the modes and, as result, it was obtained a different 
failure mode with a much higher strength, +16%. 
However, the strength of this plate (J) is 4.5% lower 
than the plate with the same amplitude but where 
distortion of the third component is not present, 
plate A.

One can conclude that the presence of a consid-
erable ternary component degrades the strength of 
the plates with aspect ratio equal to 2. Eventually, 
similar conclusion can be applied to other aspect 
ratios due to higher order modes than the critical 
one induce a more pronounced local collapse.

Once clarified the extreme importance of the 
failure mode on the ultimate strength it was ana-
lysed a set of plates allowing to define the ratio 
of amplitudes of the distortions which promote 
a change of the mode of collapse to the critical 
one. This set of plates as a maximum amplitude 
of distortions according to the expression Guedes 
Soares (1988), and varying the ratio between the 
first and second components.

Figure 11 presents the behaviour of these plates. 
It is evident that there is a different behaviour as the 
ratio a11/a21 increases. When this ratio is above 3 the 
plate does not develop a critical failure mode and 
denotes high strength levels as shown in Figure 12 
and a complex failure mode.

For plate R with ratio between the two compo-
nents equal to 3, the situation is intermediate noting 
a sharp collapse on mode m = 2, but, however, one 
of the half-waves have a length much lower than 
the other increasing the maximum deformations in 
the area corresponding to shortest half-wave.

The tangent modulus of this plate is similar to 
the one of plates Q and B until the average stress 
approaches the minimum critical stress. At this 
point the tangent modulus is dramatically reduced 
due to the development of deformations on the 
critical mode and the stress-end shortening curve 

Figure 8.  Evolution of deformed shape of plate B until 
collapse. On the right side it is indicated the correspond-
ing loading point on the stress-strain curve.

Figure 9.  Evolution of deformed shape of plate F until 
collapse. On the right side it is indicated the correspond-
ing loading point on the stress-strain curve.

Figure 10.  Deformed shape of plate G before collapse. 
On the right side it is indicated the corresponding loading 
point on the stress-strain curve.
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approaches the curves of the plates O and P which 
have a marked critical mode of collapse.

Regarding the behaviour in the post collapse 
regime it is to point out the similarity in behav-
iour between all plates. The loss of strength with 
increasing plastic strain is small, particularly for 
plates with a critical failure mode. The remaining 
plates, Q and B have a greater reduction since they 
have greater ultimate strength, but from a shorten-
ing of 1.2 they follow the common curve.

Finally, it is analysed the variation of ultimate 
end-shortening with the ratio between the Fourier 
components of initial imperfections presented in 
Figure 12.

Slender plates having a dominant primary 
mode (m = 1) and average or high levels of initial 
imperfections present an ultimate normalised end-
shortening less than one and it tends to reduce when 
the ratio between the first and second components 

of imperfections increases but keeping the ampli-
tude constant. Minimum values of ultimate end-
shortening are found for this mode and the plates 
present a rigidity close to the Young modulus of 
material until collapse. This rigidity of plates hav-
ing a dominant primary mode is much higher than 
the one of critical plates, as shown in Figure 13.

Figure 14 shows that the ultimate end-shortening 
increases with the amplitude of imperfections 
almost linearly for each mode of collapse. Highest 

Figure 11. N ormalized stress-end-shortening curves of 
simply supported restrained plates with α = 2, β = 3.38, 
average distortions and different ratio between the first 
and second component of distortions, respectively 1(O), 
2(P), 3(R), 4(Q) e 6(B).

Figure 12.  Dependence of ultimate strength and end-
shortening for plates with α  =  2, β  =  3.38 and average 
amplitude of distortions on the ratio between the first 
and second mode.

Figure 13.  Dependence of normalised secant modulus 
at collapse on shape and amplitude of initial imperfec-
tions (ratio between components of 6).

Figure  14.  Dependence of normalised end-shortening 
at collapse on shape and amplitude of initial imperfec-
tions (ratio between components of 6).

Figure  15.  Relation between the normalised secant 
modulus and the ultimate strength on slender plates with 
aspect ratio of 2.
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values are found for collapse on the ternary mode. 
Plate I has the highest value to which correspond 
the lowest ultimate strength, 0.485.

Figure 15 presents the relation between the ulti-
mate strength and the normalised secant modu-
lus at collapse. It may be concluded that there is 
a direct relation between both especially for each 
mode of collapse. Plates with initial critical mode 
does not show a great variation on the ultimate 
strength despite a decrease on the secant modulus 
with increasing amplitude of imperfections.

3  Conclusions

The collapse mode is a very important factor deter-
mining the strength of slender plates. The failure 
mode is due to two initial conditions, namely, the 
maximum amplitude and the relative amplitude of 
different modes of initial imperfections. The second 
condition is more important than the first one. The 
aforementioned initial geometry affects very much 
the behaviour of the plates during the pre-collapse 
but the post collapse region is not very sensitive 
to initial conditions, which may be explained by 
the development of large deformations in all cases 
which make irrelevant the effects of the initials con-
ditions. On the other hand, the collapse is almost 
always localised so initial conditions will not affect 
much the post collapse behaviour.

The strength variations found for slender plates 
are high, between 0.711 and 0.485 with a mean value 
of 0.572 and a COV of 9.9%, so one can say that it 
is necessary to take into account the shape of imper-
fection on the prediction of restraint plate’s strength. 
To do this it is imperative to determine accurately 
the modes and amplitudes of these imperfections in 
real plates and consider the most likely initial mode.

In thick plates it must be considered also as very 
important the maximum amplitude of the imperfec-
tions, despite the predominant initial mode strongly 
influence the maximum resistance level reached.

The degradation of ultimate strength of 
restrained plates due to the amplitude imperfec-
tions is much larger in thick plates than in slender 
plates. It should be noted however that the maxi-
mum amplitude normalised by the thickness is 
usually smaller in thick plates than slender.

The presence of a considerable ternary compo-
nent degrades the strength of the plates with aspect 
ratio equal to 2.
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